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CALCULATION OF STRESS-STRAIN STATE OF ELASTIC DISC
OF VARIABLE THICKNESSUNDER VIBRATION OF BLADES

The aim of the study is to calculate the stresshststate of an elastic disc of variable
thickness due to vibration of blades. For this mag, the numerical-analytic method is
developed for solving three-dimensional equatiohslasticity theory. The solution is
represented by a Fourier series and expansion ioteits are found from the boundary
value problems for systems of ordinary differentequations along the radial

coordinate. The results can be used to calculageféigue failure of the turbomachine
disks.
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Introduction

In the paper, we calculate stress-strain stateaeftgrbine compressor disc forced by
oscillations of the blades in order to study presessof Very High Cycle Fatigue
(VHCF) [1]. The frequency of these oscillationsoisthe order of frequency of disk
rotation, or a multiple of it. The development oHEF process up to the number of
cycles N > 18 may cause appearance of failure in the contaet laeéveen blades and
the outer rim of the disc.

In [2,3] the stress-strain state of gas turbine m@ssor disc has already been calculated
for Low Cycle Fatigue (LCF, N~ED processes (flight cycles: take off — flight -
landing) taking into account variable thicknessdagk, centrifugal and aerodynamic
loading as well as contact interaction of disk afatles. Aerodynamic pressures were
calculated on the basis of known “isolated proféeialytical solutions for flow around
plates with flow separation.

Currently there is a growing interest to the stoflWHCF fracture because it becomes
clear that even low amplitude vibration loads agtiluring long time (years) may cause
the structural damage. The vibration stress ang@gumay be much less than low cycle
fatigue limits and even less than yield limits. &wording to classical view such weak
vibrations should not be the reason of structuealufe. Nevertheless the fatigue
fracture happens even if vibrated structure workiw elasticity limits up to failure
zones appearance [1]. Therefore for fatigue lifieation predictions it needs to calculate

the structural stress-strain state on the badiseniry of elasticity.
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It should be noted that the main disc loading igied out in flight cycles under
centrifugal and aerodynamic forces. This power pembnd is superimposed by
vibration loading due to thersional vibration of the blades. In the adopted statement of
the problem we do not consider the vibration reassuch as the effect of pressure
fluctuations, the excitation of own frequency viiwas of the blades, the transitional
regimes of the engine and so on, in stead we asthemehe vibration parameters are
known in advance. Real observational data on theliardes and frequencies of
vibrations for disks are given in [1].

Next, we calculate stress-strain state of the diSkvariable thickness due to the
torsional vibrations of the blades. By the lingaof the problem this solution can be
summed with known solution for LCF stress-straiatest[2]. The total stress-strain
states due to flight cycles and vibrations for the extreme positions of the blade
during torsional vibration are the boundaries o€licyprocess and used for further
assessment of fatigue life.

1. The approximate system of equations for the disc of variable thickness under
periodic loads on the outer rim.

To determine the stress-strain state of this disksalved three-dimensional equations
of elasticity theory [2]. External loads on the @utim of the disc are periodic in time
and along the angular coordinate. These loads ateuhe action of the torsional
vibration of the blades and agreed with them in lgoge. Components of stress and
strain are represented by Fourier series alonthibkness and along the circumferential
direction. The Fourier coefficients along the rad@ordinate are obtained from system
of ordinary differential equations.

In a cylindrical coordinate system,s ,z, the annular disa<r<b has a variable

thickness 2h(r), the thickness coordinate variesh(r)<z< h(r). The system of

equations of the dynamic theory of elasticity [df & disk in a cylindrical coordinate

system is:
aarr +£60'h9 + aO—rz + arr _0-195 — azur
o r 09 oz r ot?
00, , 100, 00, 20, _ 0°u,
o r 99 oz r ot?
do, l1loo, 0o, o, 04U,
+= + +—Z=

or r 09 oz r ot?

Stresses and deformations are subjected to Hotzke’s
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Urr = (A +2lu)£rr +/1£1919 +/1£zz ! 0—1919 = Agrr + (/‘ + 2#)81919 +A£zz' a-rz9 = 2,[15“9
0-22 = /]grr + Ag&ﬂ + (A + 2)u)£zz’ Jrz = 2lugrz' Jﬂz = Zlugﬂz

Kinematic relations are:

£, :aur ) Egg :Ea&+i £ :l 1‘%4-%_&
or rog r 2\rod o r

Ezz :%’ ‘grz :E(aur +a_uz), ‘Eﬂz :E(}% +%j
0z 2\ 0z or 2\r 02 oz

Here A , i are Lame’s elastic modulip is the material density. Farther we use
dimensionless stresses measured 2y, and dimensionless coordinates measured in

internal rim radius:.

Boundary conditions at free surfacesat + 1) are:
o,-ho, =0, o, —h'o,=0, o,-ho,=0

Due to periodicity of loading along the displacements are sought as Fourier series

u, :i(uz+ y 2)sin &
n=1

o4

u, = (vz+ \ Z)cos &>

n=0

0o

u, = > (W+w 7+ w Z)sin &

n=1
Relevant representations for stresses are:

00 0

o, =Y (0z+0,Z)sin®: Ty, =) (sz+ § 2)sin &,

n=1 n=1

[« o]

0,=Y.(2z+3,Z)sind:  0,=> (rz+1,Z)cosr

n=1 n=0

00

Jrzzi(p+ pZ+ p)sin @ o, =) (T+T,Z+7T,Z)cos

n=0

For brevity, the index n is omitted for all coeféints included under the sign of the

sum. These coefficients, 7, p, u, v,w are new (auxiliary) unknown functions of

radial coordinate .
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We investigate stationary vibrations of the dist.(Additional to the stress-strain state

of flight cycles) components of stresses, deforomstiand displacements vary in time

according to harmonic law, for instance, for displments asie , vé“, we* .
Substitute expressions for displacements and sgassto equations of the theory of
elasticity and equating terms of equal powers afnil 22, as a result we obtain

ordinary differential equations for the auxiliargnables at differemt=0,1,2...:

d_UZKM_lJ_l_Z_”}m_n h_gp{ (=)@ 2 )_1_p4u_ nEA)E 2) 7,
r

T+
dr @+A)  Jr h 1+A) 2 1+A) T

E:_DMJ_ZELEJT__”W)M NEA)E ) 2z v BN,
dr 1 (1+J) roh) rr 1+ A) r2  (1+A) h? h

@=—h’2cf—}p+ﬂEV+(ﬂﬁ2-pafjw
dr r r r
_ 2
du_@=AHY), A 1, 4 n, (2)
dr (1-4%) @+A)r @+A)r
dv_1 n
—=—T—-—u+-=-v
dr u r r
dw_1
dr u

We emphasize that this system of equations is dadeparately for each harmomic

All other stress componentg,,s,s,,%,%.,7,, p,,, T,, and displacement components
u,, v, w, , are defined using auxiliary unknown functioas7, p , u, v, w after the

solution of the written system of ordinary diffeti@h equations. To obtain a closed
boundary value problem for the auxiliary functidos each value of n, in the boundary

conditions at z=+hr) we had neglected members of small order in h sagh
AS =h?Wo,-W3,  AT=Hh,-KT, Ap=hho,-If . Direct numerical

calculations confirm the smallness of the discarngeahs.

2. Theboundary conditionsfor thetorsional vibration and the solution of problem
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We consider a blade as a plate of rectangular m®stson and widthd. Number of
blades isN,. Action of blade on disc due to blade torsion wpresent by distributed
tangential load at the external rim of disc. Owgstd contact zones of disc and blades
these surface loads are equal to zero.

Boundary conditions at radial boundaries a and r =b with periodic (along angular
coordinate) loads are:

r=a: u=0, v=0, w=0

r=b: o0=0, r=1,(8), p=p,9)

where r,(9) and p,(?) known functions, defined below. These boundarydd@ans

relate to fixed internal rim of the disc (r=a), alwdoaded external rim of the disc (r=b).
Known functions of right hand sides relate to stessat root cross-sections of blades.

To calculate the values of () and p,(J) the known solution for the torsion of plate

of rectangular cross section [5] is used. In Fighd distribution of shear stresses on

rectangular root section of the plate for torsiamast sweatshop [6].

Fig 1. Distribution of shear stresses at blaae cooss section.

Maximal shear stresg, is in pointB: 7, =7, :%,uyd
2
1 K = 1
3+2d /h+d? /) ? 3+1& /h’

and in pointA: 7, =kr,,rne K, =

Ford/h<<1 we havek =0.8. Hence, 7, = uyd, 1, =0.8r;.
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Exact solution for shear stresses at root crossioseds represented by rather
complicated expression [5]. Instead we use singdifiapproximation. Simplified
dependencies are linear along one coordinate aadratic along another coordinate

(see Fig. 1):

er:rrﬂ:—rAE 1—% . |X<d/2
h|™ (d/2)
2
r,=T, 1—2—2 X |4<h
2 [(d/2)

These relations are taken as approximate valubswidary shear stressgs andr,, .

Using substitution? = x/ b, |,9| <J, 6=d/(2b)<<1, the right hand pert functions of the
boundary conditions at=b can be written as:

1,(8) =Q,(1-9°/6°),  Q=-08ud/h, |9<s

P& =T,9/0, To=pyd, |9<o

Periodic boundary loads can be represented by &ouseries (one period
-l N, <I<ml N,):

1,9) =3 1% cos{kNy)
k=0

(O 20N @) 0 = 4D [sin(kNOJ)_Cosq(N 5)J 2)
NS kNG °

By analogy axial shear stresses also are represbytEourier series:

P, () =D p“sin(kNS):
k=1
2 sin(kN,0)
W= =T | ——2—=-coskN,d (3)
P = o[ NG kN, )J
So for differentn = kN, , k=0,1,2...it needs to solve the system of equations (1) with

boundary valueg™ and p® atr =b.

The system of ordinary differential equations (Idhwboundary conditions (2) and (3)
are solved numerically by using finite differenogpiicit scheme [7].

After that stress components are defined by sunomatf Fourier series forn = kN,,

k=0,1,2... The number of Fourier series terms for practicahvergence does not

exceed 20.
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3. Numerical results.
The shape of titanium disk cross section is showrFig. 2. The initial data are:
a=0.05m,b=0.4m,d =0.01m, y=0.1 rad/m,.w=628 1/s,4 =78 GPa, 1 =44 GPa,

p =4370 kg/m

r/a

Fig. 2. Cross section of the disk.

In Fig. 3 the radial distributions of stress comgais are shown for cross section
J =0.5 (under the blade). The stresses decay rapidly egtance from the outer rim

of the disc.
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Fig. 3. Radial distributions of stresses underfitade.

The Fig. 3 shows that maximal values of stress @orapts at the outer rim of the disk
are equal approximately 30-50 MPa, hence, the sobpgesses per torsion blade cycle
is 60-100 MPa.

Earlier in [2] solved the problem about stressisttate of the same disk for flight

cycles under centrifugal forces in disks and peci@tirface loading at the outer rim of

the disc due toentrifugal and aerodynamics loads in blades.

For study of very high cycle fatigue (VHCF) dueuibrations it needs to impose the

stress-strain state calculated here for the toasiabrations of the blades with the signs
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+ and - on the main stress-strain state assocvatedthe flight loading cycles (LCF -
low cycle fatigue).

The radial distributions of total stress compondotgthe extreme positions in the cycle
of torsional vibrations of the blades in the viggnof the outer disk rim are shown

below in Fig. 4-5 (a-b).
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Fig. 4. The total radial stress distribution.
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Fig. 5. The total radial stress distribution.

The difference between the values of the stresseth® left (a) and right (b) hand
graphs in these figures represents the stresgtieari@nge in the high frequency cycle
associated with the torsional vibrations of thedbk In future the data obtained by the
proposed method are planned to be used in estimatithe durability of turbomachine
disks.

Conclusions
A method is developed for calculating three-dimenal stress-strain state of elastic

disks of variable thickness under the action oficjloads due to the torsional vibration

of the blades in the gas turbine compressor.
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Approximate representation of solutions is accepted its dependence on the
coordinates along the thickness of the disk anthé circumferential direction. For
dependent on radial coordinate coefficients théesyf ODE is derived and boundary
value problems are formulated and solved by uamgnplicit finite difference scheme.
Calculated stress-strain state due to blade vdratsuperimposed on to the known
stress-strain state of the disks due to centrifaga aerodynamic loads. Total stress-
strain state is ready for use in estimations o&Hility gas turbine disks.
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